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Motivations
e Observe 1.1.d sequence (X;),n drawn from parametric distributions py.
» Estimate 6 and confidence set ©% = 8%(X,,..., X,).
e Time-uniformity:
P(VteN, 0€®))=1-6 or

* Typical applications:

by

LAK

Stochastic bandits Change-point detection
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Setting: exponential families

Parametric family
po(x) = h(x)exp ({0, F(x)) — Z£(0))

e © C R?: open set,

e F(x): feature function,

¢ £(0): log-partition function (convex, assume det V=% (0) > 0 for all 0 € ©).

Bregman divergence
B 0,0)=2L0)-Z£0)—(0'-0,VZL(0))
= KL(polpe) -

Standard parameter estimate

Example: Gaussian ./ (u,0°) with known variance

O=pu O=R, F(x)=> 3(9)—6—2 B0 9)—(8/_6)2
= U, — N, _0_) _20_2) A y — 20_2 .

Lemma 1 (log-Laplace control) For 0 e® and A s.t 0+ 1 €0,

logEy [eMFO-BIFXD] = 2,0+ 1,6).

Lemma 2 (Bregman duality) For any a € [0, 1],
B o (VL O)-VL(0))=B(0',04),

where

0,=VZL (aVZL(O)+(1-a)VLH"),
By o (X) = supid, x) — By (0'+1,0') .
A

P(0€ @f) =1 -0 for T stopping time.
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Time-uniform Bregman deviation

Main theorem

Regularized parameter estimate

0,.0)= (VL) (

t c
u+——VZ£0)|,
et e ())

Bregman information gain

( Joexp(—cB(0',0))do’ \

Joexp (- (t+02£(0',0,00))do"

Yt,c(e) — lOg

Time-uniform deviation

_ 1
P|3teN, (t+ 0By (0,0,0)) > log ~ + )/t,c(H)) <34.

Remarks

e Valid for generic families, not just one-dimensional.

logt
—

*V:c(0) = d“;@log (1+%)+0(1) = asymptotic confidence radius is o

e Implicit confidence set in 8, but easy to compute numerically.

e Explicit instantiation to many classical families:
— Gaussian, Bernoulli, Exponential, Gamma, Weibull, Pareto, Poisson, )(2.
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GLR test in exponential families

Change of measure detection: distribution of X, 1S pyy

S (null): 0, €O, YueN, 6(u) =0, (no change),
SO (alt.): ds e N, 01,62 €O, YueN, O(u) = Hl]lu<s+62]]-u>s

Scan statistic

(change).

b
F(X,
b—a+1; (Au)

é\a:b =v¥™ (

Generalized Likelihood Ratio

s_ Xu t_ Xu
Gl:s:t = inf Sup log u=1 p91(t )Hu—s+1 pHg( )
% 61,6, u=1 P8, (Xu)

— lglf 5%2(90; é\lzs) + (- S)%E(HO» é\s+1:t) .

Doubly time-uniform deviation g(¢) = (¢ + 1)log®(t + 1)/log(2),
g (1)

Regularized GLR test

~ 2
Tes = min{t eN: ds<t, 0€®: (s+c)By (0,91;5,6(6)) > log (—) +V1:5,0(0)

O
22 (t
g( )) +Ys+1:t,c(9)}

and (t = 5+ ) B (0,0501:4,0)) > log(
J < has a false alarm probability < 6.

Py (Elt eN, Is< t: (t—5+0)By(0,0,1.,00)) =log (T) + ys+1:t,c(0)) <5
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Sketch of proof

Martingale construction
Lemma 1 = for all suitable A and an arbitrary ¢ > 0,

[
M? = exp (<A, Z F(X,) — [y [F(X)]> — 1B, (0 + A,H)) defines a = 0 martingale.
s=1

Martingale mixture For ¢ > 0,
Go(Alc) x exp((O+ A, cVZL(0)) —cZ£(0)),

Mt:foqgwc)da.

Rewriting

Lemma 2 — M, =exp ((t + ) By (8,@,6(9)) — )/t,c(H)).
Conclusion

Ville’s inequality (supermartingale + Doob’s optional stopping).
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Numerical experiments

6=5%, a=0.5, c=1.0
(averaged over 1000 repetitions)

6=5%, u=5.0, c=1.0
(averaged over 1000 repetitions)
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