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Setting
Linear bandits
• Play action X t from a decision set Xt ⊂Rd .

• Receive reward Yt ∼ p〈θ∗,X t〉, where {pϕ} is a statistical model.

• Goal: minimise regret RT =∑T
t=1 max

x∈Xt

ρ
(
p〈θ∗,x〉

)−ρ (
p〈θ∗,X t〉

)
,

where ρ is a certain risk measure.

� 6= existing settings: E[Yt | X t] =µ (〈θ∗, X t〉) (generalised mean-linear)

Example: risk-aversion in agriculture
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Elicitable risk measures

Definitions
• Risk measure elicited by a convex loss L : R×R→R+:

ρL : p ∈P (R) 7→ argmin
ξ∈R

EY ∼p [L (Y ,ξ)] .

• Adapted loss to the linear bandit if ρL is linear on the statistical model {pϕ}:

ρL

(
pϕ

)=ϕ .

Examples of elicitable risk measures

Name ρL L (y,ξ)
Example of adapted
statistical model

Mean E[Y ] 1
2(y −ξ)2 pϕ(y) = 1p

2π
exp

(
−(y−ϕ)2

2

)

p-expectile
argmin

ξ∈R
E[ψp(Y −ξ)]

ψp(z) = |p−1z<0|z2
ψp(y −ξ) pϕ(y) =

p
2p(1−p)p

π
p
p+p1−pexp

(
−ψp(y−ϕ)

2

)
Remark: variance and CVaR are not (first-order) elicitable.

LinUCB-CR (Convex Risk)

Input: regularisation parameter α, projection operator Π,
sequence of exploration bonus functions (γt)t∈N.
for t = 1, . . . ,T do

θ̂t ∈ argmin
θ∈Rd

t−1∑
s=1

L (Ys,〈θ, Xs〉)+ α
2‖θ‖2

2 ; . ERM

θ̄t =Π(θ̂t) ; . Projection
X t = argmax

x∈Xt

〈θ̄t , x〉+γt(x) ; . Play arm

� Numerical computation of θ̂t at each step!

6= mean-linear case: θ̂t =
(

t−1∑
s=1

Xs X >
s +αId

)−1 t−1∑
s=1

Ys Xs.

Analysis

Bounded loss curvature: ∀y,ξ ∈R, 0 < m É ∂2L
∂ξ2 (y,ξ) É M .

Supermartingale lemma
Self-normalised concentration bound
with the local Hessian

Hα
t (θ) =

t−1∑
s=1

∂2L (Ys,〈θ, Xs〉)Xs X >
s +αId

instead of the global Hessian

V α
t =

t−1∑
s=1

Xs X >
s +αId .

Transportation of metrics

Ht ( t)

Ht ( * )

Ht ( * , t)
=

1
0 Ht (u * + (1 u) t)du

Regret of LinUCB-CR

With probability at least 1−δ,

RLinUCB-CR
T =O

(
σκdp

m

p
T log

T L2

d

)
.

κ= M
m

†

≈ variance of ∂L (Yt ,〈θ∗, X t〉)
dimension of actions

upper bound on ‖X t‖2

lower bound on ∂2L
† conjecture: κ≈ constant in certain cases.

­ RLinUCB-CR
T =O

(
σκdp

m

√
T log T L2

d

)
under stochastic arrival of action sets.

−→ Take-home message ←−
The analysis of LinUCB can be lifted from mean-linear to

elicitable convex loss with essentially the same regret bound.

A faster approximate algorithm: LinUCB-OGD-CR

Input: T , α, Π, (γOGD
t ,T )tÉT , OGD steps (εt)tÉT , episode length h > 0.

Initialization: Set θ̂OGD
0 , t = 1, n = 1.

for t = 1, . . . ,T do
if t = nh +1 then
θ̂OGD

n = θ̂OGD
n−1 − εn−1

(∑h
k=1∂L (Y(n−1)h+k,〈θ̂OGD

n−1 , X(n−1)h+k〉)+αθ̂OGD
n−1

)
θ̄OGD

n = 1
n

∑n
j=1Π(θ̂OGD

j ) ; . Average previous OGD steps
n ← n +1

X t = argmax
x∈Xt

〈θ̄OGD
n , x〉+γOGD

t ,T (x) . ; . Freeze θ̄OGDn for h steps

Regret of LinUCB-OGD-CR

With probability at least 1−δ, under stochastic arrival of action sets,

RLinUCB-OGD
T =O

(p
T ×Polylog(T )

)
if episode length satifies h =Ω(

d 2 log 1
δ

)
.

Numerical experiments
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Gaussian expectile bandit.
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Cumulative entropic regret
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Bernoulli entropic risk bandit.

0 250 500 750 1000 1250 1500
Time

100

101

102

103

Cumulative expectile regret

LinUCB (mean)
LinUCB-CR (expectile)
LinUCB-OGD-CR (expectile)

Asymmetric Gaussian expectile bandit.

� Full paper.
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