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Confidence sets

Let X1,...,X; i.i.d random variables distributed as X ~ v € P(R?).
-
Where is = = E[X]?
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Confidence sets

We want confidence sets, not just estimation!




Confidence sets

We want confidence sets, not just estimation!
For § € (0,1) and t € N, we need a set C{ such that P (u € C{) > 1—4.

Asymptotically:
2

0% . o?
C = Mt—z‘b Y(1-14/2), Mt+$¢ '(1-4/2)

is such that
lim P(pec))=1-5,

t—+o0

~ _ 1 t
where iy = ¢ > .1 Xs.

% Does not tell us anything about the small sample size regime...




Nonasymptotic confidence sets

We need some assumptions...
Sub-% distributions:

VA€ CRy, logEx~, [e*(x‘”)] <Pp(N).

Proposition (Chernoff bound)

N 1 (1 1

where 1, (u) = sup Au — ¥(A) is the Fenchel-Legendre conjugate of ).
AeT

Examples:
m v =N(u,02), p(\) =02X?/2"
m v has bounded support, ¥(\) = diam(Supp(v))?\?/8 -

m v = x2(k), b(\) = (1 —20) % T =(0,1).




Nonasymptotic confidence sets

IA

(Markov)

t
eftAuE lH e)\(Xs*lt) )

s=1

t
= e M HE [eA(XS_“)} (independence)
s=1

< e—t>\u+tw(>\) (SUb-’(/J),

then optimise in A € Z. O




Nonasymptotic confidence sets

Other possible assumptions:
m Fully parametric
» If you know the quantiles, use them!
= Bounded

» With control of moments:

Bennett, Berstein Boucheron et al. [2013], Bentkus [2004],
> With empirical estimators of moments:

Bernstein Maurer and Pontil [2009],

Bentkus Kuchibhotla and Zheng [2021].
> With only boundedness: Phan et al. [2021].

m Self-normalised sums
> Bercu et al. [2015], Bercu and Touati [2019]

Is this all for mean estimation?




Detour: stochastic bandit

(a) 15% chance to win 10€ (b) 5% chance to win 10€

@ The casino does not tell you which one is the winner!




Optimism in face of uncertainty

m Optimism: play the machine with highest plausible reward.
m More formally:
> play argmax,_; , U, (9),
> 7x: number of pulls to machine k (random stopping time),
> UK (9) is a measurable function of 7« samples from machine k such that

P (1> UL (9) <o

@ Concentration bound for sample of random size!




Optimism in face of uncertainty
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Machine 1: 5 pulls. Machine 2: 5 pulls.
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Optimism in face of uncertainty
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Optimism in face of uncertainty
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Optimism in face of uncertainty
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Optimism in face of uncertainty
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Optimism in face of uncertainty
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Machine 1: 100 pulls. Machine 2: 30 pulls.

15



Table of Contents

e Time-uniform concentration: method of mixture

16



Martingale and stopping time

@ Stopping times are hard to deal with...
¥ ... but go well with martingales!
For t € N, assume we know an invertible, nondecreasing F;: R — R s.t
(i) My = F;(S;) defines a supermartingale adapted to the filtration
Fi=0(Xs,s < t), with S; = 22:1 Xs — u;
(ii) E[Mo] < 1.
Then for any F-stopping time T,

sz () (=)
< J0E[M;] (Markov)

< OE[Mpy] (Doob)
<é.
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To find a martingale

The sub-i) assumption is really a martingale condition:

VeI, M* = (e’\st_“’”(’\)) N is a nonnegative supermartingale.
te

For any F-stopping time T,

1/1 1
T > | = — <o0.
vAeI,P(MT M_)\<T|0g5+1/1(>\))>—5

g% Cannot optimise in A for all values of 7!
(optimising for a fixed time ty recovers the Fenchel-Legendre formula).

18



To find a good martingale

For any mixture density g(\) over Z,

M= (/ e’\sf_tw(/\)q(A)d)\) is also a nonnegative supermartingale.
T teN

Proposition (Chernoff-Laplace mixture bound (sub-Gaussian))

Ifp(N) = % then for any F-stopping time T and any ¢ > 0,

2(1+§)Iog<\/?> .

Pla—p=>0o
-

Remark: this corresponds to the mixture distribution A/ (0, %)

19



Table of Contents

© Bregman uniform concentration for generic exponential families

20



Exponential families

Parametric family indexed by # € © (open set) of distributions vy over RY

given by
dl/g
270 (%) = h(x)eltFEN—L(0)
T (x) = hx)e

m F: feature function (of x € R9),

m L: log-partition function (of § € ©), convex, twice differentiable.
> Assume det V2L£(6) > 0 for all 6 € ©.

Bregman divergence:

Be(0,0) = L(0') — L(0) — (8" — 6, VL))
=KL (Vg”ug/) .

21



Gaussian N (u,0?) with known variance o2
0=pn0=R,
Y
Be(o,)= 00

202
Gaussian N (u,0?)

2
Iog02+02—9’<0/1 01) —;

0, " 20, 2\20, 20,
Bernoulli B(p)

0=p,©=(0,1),

0 1-96
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Bregman supermartingale

Lemma
For e © and A s.t 0+ )\ € ©,

log Ey [e<>\,F(X)—1E9[F(X)]>} — Bo(0+ ), 0).
Consequence: let fi; = 1> F(X;) and = Eg [F(X)], then

VA, M = (e<’\’t(ﬁ‘_“)>_t8‘3(9+)"9)) is a nonnegative (super)martingale.
teN
Mixture: for ¢ > 0,

q9(>\|C) o e(9+)\,cVL(0))—c£(0)

)

M, :/M;\qg(Mc)d}\.
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Bregman-Laplace confidence set

Regularised parameter estimate:

-~ _ 1 t —~ C
0e.c(0) = VL (t+ e+ HC,C(e)) .

Bregman information gain:

f@ e—cBe (07,0) de’
o e—(t+0)B(0,0..(0) g’

Vt,c(0) = log

Theorem (Bregman-Laplace mixture bound for exponential families)

For any F-stopping time T and any ¢ > 0,

P ((r+ e (8.0:(0)) 2 log 5 +7nc(9)) <

24



P ((T +)Be (6,6-c(6)) > log % + %,c(e)> <5

m Laplace's method for approximating integrals: when t — o0,

dim©

Yee(6) = og (1+ E) +O(1).

m Implicit confidence set...
> __.but convex: easy numerical solution.
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Numerical experiments
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Numerical experiments

6=5%, u=1, o=1, c=1.0

Figure: Gaussian (mean and variance) for t € {10, 25,50, 100} observations




Numerical experiments

6=5%, p=80%, c=1.0
(averaged over 1000 repetitions)
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Comparison of median confidence envelopes around the mean for B(0.8). Grey lines
are trajectories of empirical means Ji,.
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Examples

ets given by Theorem 3.2 for representative fami

Table 2: Summary of Bregman confidenc
Throughout, the following notations arc used:

o fin = 22, Zo (o) = 2 0 (X — )
X Ly =300 log Xe Ky = Y00 log X,

P
e’ bl gg.

ke By), 5 —intek+1)log (5 + ol

Jla.b) = JM mp(—u logI’ Gamma Nem.
Jla,b) = £_, exp (~. logT (%)1.;.*7) GEk € N, < log 4 +log Sl —log((n-+e)k) — cklog ek
Name Parameters  Formula (n+c+ 1) ;(4+ )
—(n+c+ 1)log (S +c
2 1oL o L jog e Weibull AeR, ; X
Gaussian ~ pe R glogg + zlog 2 < log d + log prie — log(n + ¢) — cloge
Qalp _ gﬂ)hm( s Pareto weR v-l...—\‘n+r+||1uumL”—r;
Gaussian 7 € R, = : 2 = < log} +log —log(n +¢) — cloge
log +log =) —slogg

=Sy log A
< log : Hlog I (e, cA) — log I (ntc, S, +eA)

1) - Zolfine ) + 2= 2o m+v)

Gaussian <logd +2)loge+3 1o (n+c)
logT \ W
+log ( ) nlogT (&) = £ 5, —log J (c.evi ()
Chirsquare log J (n+c, Ko+t (£)) < log 3
S, logl+(n—8,) |\,;._+1;,.,_-*|“—‘*“1_ +logJ (n+c. Kn+ciy (3)) < log 3

Bernoulli pen 1 ¢

< logh+log

S (n+ |w1u;+)
Exponential 1 & L (ntet1)log (32 +e

< log i +log ne)—eloge
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THAT COMCLUDES MY
TWO-HOUR PRESENTA-
TIOM. ANY QUESTIONS?

sotisdams B sl com

wwrw_ dill el com

DID YOU INTEND THE
PRESENTATION TO BE
INCOMPREHENSIBLE,
OR DO YOU HAVE SOME
SORT OF RARE "POLJER-
POINT" DISABILITY?

B

& FO0D netadl Faature Bysden i, ing

sl

ARE THERE
ANY QUESTIONS
ABOUT THE
CONTENT?

THERE WAS
CONTENT?

o
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A bad idea: union bound

Say we have:
vee{l,..., T}, P(peC)>1-34.

Then:
P(Vte{l,...,T}, peCl)=1-P (U{;mcé)

Zl—ZP(M¢Cf)

>1-T96.
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A bad idea: union bound

Say we have:
vee{l,..., T}, P(peC)>1-34.

Then:
P(Vte{l,...,T}, peCl)=1-P <U{u¢cé>

Zl—ZP(M¢Cf)

>1-T96.

Proposition (Union bound)

(Cf/T)t 1 s a uniform confidence sequence at level §.
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Turning a bad idea into a good one: time-peeling

Proposition (Doob’s maximal inequality)

Let (S)ten be a nonnegative supermartingale w.r.t a filtration (F;)ten-
Then for all p > 1 and € > 0, it holds for all To < T that

E [SP
IP’( max 5t26>§ﬁ.

To<t<T €P

Idea: apply union bound over a geometric grid (tx)ken with tx = (1 + n)k.
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Turning a bad idea into a good one: time-peeling

Proposition (Doob’s maximal inequality)

Let (S)ten be a nonnegative supermartingale w.r.t a filtration (F;)ten-
Then for all p > 1 and € > 0, it holds for all To < T that

E [SF,]
P max S;>e|] < —2.
To<t<T (&
Idea: apply union bound over a geometric grid (tx)ken with tx = (1 + n)k.

Proposition (Geometric time-peeling)

Let 7 a (F;)ten-Stopping time. Then forn > 0 and 6 € (0,1),

(v (2 ()
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