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© Appetizer: local Dvoretzky-Kiefer-Wolfowitz confidence
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Appetizer: local Dvoretzky-Kiefer-Wolfowitz confidence

DKW (Massart, 1990):

P (sup Fa(x) = F(x) > e) < e
XEX
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Appetizer: local Dvoretzky-Kiefer-Wolfowitz confidence

DKW (Massart, 1990):

P < sup U,,(x) - U(x) > e) < e e,

x€[0,1]
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Appetizer: local Dvoretzky-Kiefer-Wolfowitz confidence

Local DKW (?):

]P’( sup U,,(X)—U(X)>€> <7?.
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Appetizer: local Dvoretzky-Kiefer-Wolfowitz confidence

Local DKW (Maillard, 2022):

Fa,e—1

P ( sup U,,(X) —U(x) > e) =

n _
<£> Bg+1z,eglle(l; /81,67 cee ﬂl,e) )

£=0

where

I(x; a1, ..., ak // / t1...dt, forx >a; > - >ar €R,

Bk,e =min(B,(n—k+1)/n—¢),
Nae=[n(l—a—¢)].
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Appetizer: local Dvoretzky-Kiefer-Wolfowitz confidence

Local DKW (Maillard, 2022):

Fa,e—1

n\ ,n—
<£> B@+1Z,€£!I€(l; /81,67 cee ﬂl,e) )

P ( sup U,,(X) —U(x) > e) =

=0

where

I(x; a1, ..., ak // / t1...dt, forx >a; > - >ar €R,

Bk,e = min(B,(n—k+1)/n—¢)
Nae=[n(l—a—¢)].

< time-uniform (peeling), application to cVaR, spectral risk measures...
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© Bregman uniform concentration for generic exponential families
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Exponential families

Parametric family indexed by # € © (open set) of distributions vy over RY

given by
dl/,g

70 (%) = h(x)el0FED—£(0)
) = h(x)e

m h: base function (of x € RY),

m F: feature function (of x € RY),

m L: log-partition function (of § € ©), convex, det V2L(6) > 0.

— Goal: time-uniform confidence around 6.
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Exponential families

;’::O (x) = h(x)e(@-FEN—LO)

MLE:

Bregman divergence:

Be(6,0) = L(0') — L(6) — (6" — 6,V L(B))
=KL (l/g”l/g/) .
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Gaussian N (u,0?) with known variance o2
0=pn0=R,
Y
Be(o,)= 00

202
Gaussian N (u,0?)

, 2
Iog02+02—9’<01 01) —;

0, " 20, 2\20, 20,
Bernoulli B(p)

0=p,©=(0,1),

0 1-96
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Bregman martingale

fo= TS OF(G) and p=Eg[F(X)]
s=1



Bregman martingale

fo= TS OF(G) and p=Eg[F(X)]
s=1

Nonnegative martingale: For any )\ € ©,

M = et )= tB(0:+1.0)



Bregman martingale

fo= TS OF(G) and p=Eg[F(X)]
s=1

Nonnegative martingale: For any )\ € ©,

M = et )= tB(0:+1.0)

Mixture: for ¢ > 0,

qe()\|c) o e(9+)\,cV£(6'))7c£(0) ,

M, = //\/It)‘qg(/\|c)d)\.



Bregman martingale

Nonnegative 7}

Mixture: for
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Bregman-Laplace confidence set

Regularized parameter estimate:

t
Fyrcitt t+c£(90)> '

Or.c(00) = VL! (
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Bregman-Laplace confidence set

Regularized parameter estimate:

t c
e + ——L(0 .
e L (°)>

Or.c(00) = VL! (

Bregman information gain:

f@ e—cBg(G',Og)da/
Jo e—(t+0)B(07,0:.c(00)) dg’

Yt,c(0o) = log
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Bregman-Laplace confidence set

Regularized parameter estimate:

t c
t+c”t+t+c£(9°)> '

Or.c(00) = VL! (

Bregman information gain:

f@ E‘_CBL(G,’QO)O’H/
Jo e—(t+0)B(07,0:.c(00)) dg’

Yt,c(0o) = log

Theorem (Bregman-Laplace mixture bound for exponential families)

For any stopping time 7 (adapted to the natural filtration...) and any ¢ > 0,

P ((r+ Be (6.0,c(0)) 2 08 5 +9,(6) <
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P ((r+ OB (0.0.40) = log § +7.0)) <

m Implicit confidence set...

> ..but essentially level sets of convex functions: easy numerical solution.
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P ((r+ OB (0.0.40) = log § +7.0)) <

m Implicit confidence set...

> ..but essentially level sets of convex functions: easy numerical solution.

m Laplace’s method for approximating integrals: when t — 400,

dim©

Ve,e(0) = log (1 + g) +0(1).

» Gaussian case: confidence width =~ O ( '°ft).
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Numerical experiments

6=5%, u=1, o=1, c=1.0

Gaussian (mean and variance) for t € {10, 25,50, 100} observations
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Questions?

THAT concLuoes my || o1o vou tnTeno THE |2 e e
TWO-HOUR PRESENTA- |¥| PRESENTATION TO BE |f AN QUEETIONS
TION. ANY QUESTIONS? || INCOMPREHENSIBLE, | [ AR QUEST
OR DO YOU HAVE SOME || RSOST T
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POINT" DISABILITY? !
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Numerical experiments

6=5%, a=0.5, c=1.0
(averaged over 1000 repetitions)

6=5%, u=5.0, c=1.0
(averaged over 1000 repetitions)
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Numerical experiments

6=5%, p=80%, c=1.0
(averaged over 1000 repetitions)
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Comparison of median confidence envelopes around the mean for 5(0.8).
Grey lines are trajectories of empirical means fi,.
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